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Abstract 



In this paper, we consider the endomorphism algebras of infinitely generated tilting modules of the 

p-H ' form Ru ©/?« /R over tame hereditary A:-algebras R with k an arbitrary field, where Rj^ is the universal 

rr . . locahzation of R at an arbitrary set ll of simple regular /^-modules, and show that the derived module 

category of End^(/?, 7 ®Rfi/R) is a recollement of the derived module category !^{R) ofR and the derived 

module category &{K^i ) of the adele ring A^, associated with U . When k is an algebraically closed field, 

the ring A^ can be precisely described in terms of Laurent power series ring k{{x)) over k. Moreover, 

if « is a union of finitely many cliques, we give two different stratifications of the derived category of 

Ends (7? „ (BRy/R) by derived categories of rings, such that the two stratifications are of different finite 

lengths. 

> 

^ ■ 1 Introduction 

■^ 

O 

• ' Tilting modules over tame hereditaiy algebras have played a special role in the development of the representa- 
Q . tion theory of algebras: Finite-dimensional tilting modules provide a class of minimal representation-infinite 
algebras which can be used together with the covering techniques in H to judge whether an algebra is of 
finite representation type or not, while infinite-dimensional tilting modules involve the generic modules dis- 
covered by Ringel in [271 . Priifer modules and adic modules. Recently, Angeleri-Hiigel and Sanchez classify 
K> ', all tilting modules over tame hereditary algebras up to equivalence in 131 ■ One of the main ingredients of 
^ I their classification involves the universal localizations at simple regular modules, which were already studied 
by Crawley-Boevey in |[T3l . It is worthy to note that Krause and Stovicek show very recently in 1211 that 
over hereditary rings universal localizations and ring epimorphisms coincide. For finite-dimensional tilting 
modules over tame hereditary algebras, their endomorphism algebras have been well understood from the 
view of torsion theory and derived categories (see Q, |[T8l . |[T9l . |[28l . and others). Especially, in this case, 
there are derived equivalences between the given tame hereditary algebras and the endomorphism algebras of 
titling modules. However, for infinite-dimensional tilting modules, one cannot get such derived equivalences 
any more (see lH). Nevertheless, if they are good tilting modules, then the derived module categories of their 
endomorphism rings admit recollements by derived module categories of the given tame hereditary algebras 
themselves on the one side, and of certain universal localizations of their endomorphism rings on the other 
side, as shown by a general result in ISj. Here, not much is known about the precise structures of these 
universal localizations as well as the composition factors of these recollements. In fact, it seems to be very 
difficult to describe them in general. 



* Corresponding author. Email: xicc@bnu.edu.cn; Fax: 0086 10 58802136; Tel.: 0086 10 58808877. 
2010 Mathematics Subject Classification: Primary 18E30, 16G10, 13B30; Secondary 16S10, 13E05. 
Keywords: Adele ring; Recollement; Stratification; Tame hereditary algebra; Tilting module; Universal localization. 



In the present paper, we will study these new recollements arising from a class of good tilting modules 
over tame hereditary algebras more explicitly. In this special situation, we can describe precisely the universal 
localizations appearing in the recollements in terms of adele rings which occur often in algebraic number the- 
ory (see |[24l Chapter V], determine their derived composition factors, and provide two completely different 
stratifications of the derived module categories of the endomorphism rings of these tilting modules. 

Let R be an indecomposable finite-dimensional tame hereditary algebra over an arbitrary field k. Of our 
interest are simple regular /^-modules. Now, we fix a complete set J^ of all non-isomorphic simple regular 
7?-modules, and consider the equivalence relation ~ on =5^ generated by 

Li ~L2 for Li,L2 G^ if Ext^(Li,L2) / 0. 

The equivalence classes of this relation are called cliques (see ||T3l ). It is well known that all cliques ai^e finite, 
and all but at most three cliques consist of only one simple regular module. For a simple regular 7?-module L, 
we denote by ^{L) the clique containing L. Similarly, for a subset 1/ of y, we denote by "^(V) the union 
of all cliques ^(L) with L^'V . 

Let (T be a clique and V ^ C. Then there is a unique Priifer /^-module, denoted by V [°°\ , such that its 
regular socle is equal to V (see |[27l ). Moreover, for any two non-isomoiphic simple regular modules in C , the 
endomorphism rings of the Priifer modules corresponding to them are isomorphic ( see, for instance. Lemma 
13.11 3)). Hence we define D{c) to be EndR(V[oo]) for an arbitrary but fixed module V € C It is shown that 
this ring is a (not necessarily commutative) discrete valuation ring. Therefore, the so-called division ring 
Q{c) of fractions of D[c) exists, which is the "smallest" division ring containing D{c) as a subring up to 
isomorphism. 

Let u C ^ be a set of simple regular modules, and let R^ stand for the universal localization of 7? at U in 
the sense of Schofield and Crawley-Boevey. Then it is proved in O that the /^-module T^ := Ru ®Ru /R is a 
tilting module. Following |i3i Example 1.3], if W is a union of cliques, the /^-module T^j is called the Reiten- 
Ringel tilting module associated with u . This class of modules was studied first in ll27l and generalized then 
in |[25l . As a main objective of the present paper, we will concentrate us on the derived categories of the 
endomorphism rings of tilting modules T^i for arbitrary subsets 11 of y. 

Let k[[x]] and k{{x)) be the algebras of formal and Laurent power series over k in one variable x, respec- 
tively. For an index set /, we define the /-adele ring of k{{x)) by 

^! ■= I (/'),£/ € n^(W) I /'• € ^[W] for almost all ielV 

where Ylieik{{x)) stands for the direct product of / copies of ^((x)). In particular, if / is a finite set, then 
Az = ^((x))l'l. 

Our main result in this paper is the following theorem, which provides us a class of new recollements 
different from the one obtained by the structure of triangular matrix rings. 

Theorem 1.1. Let R be an indecomposable finite-dimensional tame hereditary algebra over an arbitrary 
field k. Let U = UqUUi be a non-empty set of simple regular R-modules, where Uq contains no cliques and 
U 1 is the union of all cliques {Ci}iei contained in 11, where I is an index set, and let B be the endomorphism 
ring of Ru (BR-u/R, where R<u stands for the universal localization of R at U. Then there is the following 
recollement of derived module categories: 

&{Ku ) ^ &{B) ^ &{R) , 

where A^ is the I-adele ring with respect to the rings Q{Ci)for i € /, that is, 

Au := I {fi)^^^ G WQ{Ci) \ f G D{Ci) for almost alli(^l\. 



In particular, ifk is algebraically closed, then A^ is isomorphic to the I-adele ring A/ of the Laurent power 
series ring k{[x)). 

Note that if the field k is algebraically closed then the set .y of all non-isomorphic simple regular R- 
modules can be parameterized by the projective line P^(/:), and the adele ring Api/^) is the same as the adele 
ring A^(^-) of the rational function field k{x) in global class field theory (see [24l Chapter VI] and |[T6l Theorem 
2.1.4] for details). Thus, the adele ring A^(;i-) occurs in our recoUement of Theorem II. II for the Reiten-Ringel 
tilting /?-module Ry®Ry/R. 

As a consequence of Theorem 11.11 we can obtain new stratifications of the derived categories of the 
endomorphism rings of tilting modules arising from universal localizations at simple regular modules. 

Corollary 1.2. Let R be an indecomposable finite-dimensional tame hereditary algebra over an algebraically 
closed field k. Let r be the number of non-isomorphic simple R-modules. Suppose that U is a non-empty finite 
subset of .5^ consisting of s cliques. Let B be the endomorphism ring of the Reiten-Ringel tilting R-module 
associated with 11. Then S!{B) admits two stratifications by derived module categories, one is of length r + s 
with the composition factors: r copies of the ring k and s copies of the ring k{[x)), and the other is of length 
r-\-s—\ with the composition factors: r — 1 copies of the ring k, s copies of the ring ^ [ [x] ] and one copy of a 
Dedekind integral domain contained in the ring k[x). 

Observe that if/? is the Kronecker algebra and u consists of one simple regular module, then we re-obtain 
the stratifications, shown in the example of H] Section 8], from CoroUai'v 11.21 

Now, let us state the structure of this paper. In Section 2, we fix notations and recall some definitions and 
basic facts which will be used throughout the paper. In Section 3, we first prepare with a few lemmas, and 
then prove the main result. Theorem 11.11 In Section 4, we first consider the case of general tame hereditary 
algebras, and then turn to the special case of the Kronecker algebra. With these preparations in hand, together 
with a result in 1203, we can determine the derived composition factors of the derived categories of the 
endomorphism rings of Reiten-Ringel tilting modules, and therefore get a proof of Corollary ll.2l 
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2 Preliminaries 

First, we recall some standard notations which will be used throughout this paper. 

All rings considered are assumed to be associative and with identity, all ring homomorphisms preserve 
identity, and all full subcategories ® of a given category C are closed under isomorphic images, that is, if X 
and Y are objects in C , then 7 E ® whenever 7 ~ X with X G © . 

Let /? be a ring. 

We denote by /?-Mod the category of all unitary left 7?-modules, and by R-moA the category of finitely 
generated unitary left /?-modules. Unless stated otherwise, by an /^-module we mean a left 7?-module. For an 
/?-module M, we denote by add(M) (respectively, Add(M)) the full subcategory of /?-Mod consisting of all 
direct summands of finite (respectively, arbitrary) direct sums of copies of M. If / is an index set, we denote 
by M^'> the direct sum of / copies of M. 

If f : M ^ N is a. homomorphism of /^-modules, then the image of x gM under / is denoted by {x)f in- 
stead of /(;c). Also, for any 7?-module X, the induced morphisms Homs(X,/) : HomR(X,M) — > Hom/;(X,A^) 
and Homs(/,X) : liomR{N ,X) — )• Hom«(M,X) are denoted by /* and /^, respectively. 



Given a class 11 of /?-modules, we denote by jT ( U ) the full subcategory of /?-Mod consisting of all those 
/^-modules M which have a finite filtration = Mq QMi C ■ ■ ■ Q M„ = M such that M,/M;_i is isomorphic 
to a module in Zl for each /. We say that M is a direct union of finite extensions of modules in u if M is the 
direct limit of a direct system of submodules of M belonging to f {u). 

Let ^(/?) be the (unbounded) derived category of 7?-Mod, which is the localization of the homotopy 
category of /?-Mod at all quasi-isomoiphisms. Furthermore, we always identify /?-Mod with the full sub- 
category of &{R) consisting of all stalk complexes concentrated on degree zero. It is well known that 
Hom^(s)(X,F[?i]) ~ Ext^(X,y) for any X,F e 7?-Mod and n e N, where [n] stands for the «-th shift functor 
of &{R), and that the triangulated category Si{R) has small coproducts, that is, coproducts indexed by sets 
exist in &{R). 

If R is an Artin ^-algebra over a commutative Artin ring k, we denote by D the usual duality, and by X the 
Auslander-Reiten translation of/?. 

Now, let us recall the definition of recollements of triangulated categories. This notion was first intro- 
duced by Beilinson, Bernstein and Deligne in |!6l to study the triangulated categories of perverse sheaves 
over singular spaces, and later was used by Cline, Pai^shall and Scott in ifTOl to stratify the derived categories 
of quasi-hereditary algebras arising from the representation theory of semisimple Lie algebras and algebraic 
groups. 

Let ® be a triangulated category with small coproducts. We denote by [1] the shift functor of ©. 

Definition 2.1. |f6T| Let T)' and ©" be triangulated categories. We say that © is a recollement of ®' and ®" 
if there are six triangle functors i^,i*,r,j-,j^ and j\ as in the following diagram 




such that 

(1) (/*,/;),(/!,/'), (j!,j') and ifj*) are adjoint pairs, 

(2) /*,7* and j\ are fully faithful, 

(3) /'j* = (and thus also fi] = and i*j\ = 0), 

(4) for each object C ^ 'D, there are two triangles in 2) : 

/,/!(C) ^ C ^ jJ*{C) -^ h/{C)[l] and j,f{C) -^C^ iJ*{C) -^ J./(C)[1]. 



In the following, if ® is a recollement of ® ' and 23", we also say that there is a recollement among 2)', 
2) and 2)", or very briefly, that 23 admits a recollement. 

A well known example of recollements of derived categories of rings is given by triangular matrix rings: 

A M 



Suppose that A, B are rings, and that M is an A-B-bimodule. Let R = { ^ „ be the triangular matrix 

V B J 

ring associated with A, B and M. Then there is a recollement of derived categories: 

^(A) ^ &{R) ^ S){B) . 

A generalization of this situation is the so-called stratifying ideals defined by Cline, Parshall and Scott, and 
can be found in [llOll . 

Another type of examples of recollements of derived categories of rings appeai^s in the tilting theory of 
infinitely generated tilting modules over arbitrary rings (see HI). Before we state this kind of examples, we 
recall first the definition of tilting modules over arbitrary rings from |fT45, and then the notion of universal 
localizations which is closely related to constructing tilting modules. 



Definition 2.2. An /?-module T is called a tilting module (of projective dimension at most one) if the follow- 
ing conditions are satisfied: 

(n) The projective dimension of T is at most 1, that is, there exists an exact sequence: — > Pi ^^ Pq ^• 
r — > with Pi projective for / = 0, 1, 

(r2) Ext^(r, r^"') = O for each / > 1 and each index set a, and 

(r3) there exists an exact sequence 

^ fiP ^ To ^ Pi ^ 

of 7?-modules such that 7] G Add(P) for / = 0, 1. 

A tilting P-module P is called good if Po and T\ in (T3) lie in add(P), and classical if P is good and 
finitely presented. 

A special kind of good tilting modules can be constructed from injective ring epimorphisms, including 
particularly certain universal locahzations. The following result on universal localizations is well known. 

Lemma 2.3. (see 11121 . II29II ) Let R be a ring and Z a set of homomorphisms between finitely generated 
projective R-modules. Then there is a ring Rz and a homomorphism X.R^R^ of rings with the following 
properties: 

( 1 ) Xis L-inverting, that is, ifa:P^Q belongs to L, then Rz ®r a: Rz^rP ^ Rz ®r Q is an isomor- 
phism of R^-modules, and 

(2) X is universal H-inverting, that is, if S is a ring such that there exists a IL-inverting homomorphism 
(^.R-^S, then there exists a unique homomorphism \\f : R^^ S of rings such that cp = X\\t. 

(3) The homomorphism X : R ^ R^ is a ring epimorphism with TorY(/?j;5^z) = 0. 

We call X : /? — > /?5; in Lemma 12.31 the universal localization of R at £. Recall that, by fT, Theorem 
2.5], if X is injective and the /^-module Rz has projective dimension at most one, then Rz(BRz/R is a tilting 
/^-module. 

Of particular interest are the following two kinds of universal localizations. 

The first one is associated with subsets of elements in rings. Let <I> be a non-empty subset of R. Then 
we consider the universal localization of R at all homomorphisms p^ with r € O, where p, is the right 
multiplication map /? — > 7? defined by x i-^ xr for x £ R. For simplicity, we write R^ for this universal 
localization, and say that /?$ is the universal localization of R at <I>. Note that, by the property of universal 
localizations, R^ is also isomorphic to the "right" universal localization of R at all left multiplication maps 
Or '■ Rr ^ Rr defined by x i-^ rx for ;c € O, which are regarded as homomorphisms of right 7?-modules. 
Clearly, if € <I>, then R,^ = 0. If ^ O, then we consider the smallest multiplicative subset of R containing 
<I>, and get /?$ = R,i,^ . Recall that a subset <I> of /? is said to be multiplicative if ^ <I>, 1 G <I>, and it is closed 
under multiplication. 

From now on, we assume that <I> is a multiplicative subset of R. 

Under some extra assumptions on O, the ring R^ can be characterized by Ore localizations which gen- 
eraUzes the notion of localizations in commutative rings. To explain this point in detail, we first recall some 
relevant definitions about Ore localizations. For more details, we refer to |l23l, Chapter 4]. 

Definition 2.4. A subset <I> of /? is called a left denominator subset of /? if <I> satisfies the following two 
conditions: (/) For any a G R and 5 E <I>, there holds ^aCiRs ^ 0, and (//) for any r £ R, if rt = for some 
f G <I>, then there exists some f' € <I> such that t'r = 0. If <I> satisfies only the condition (/), then O is called a 
left Ore subset of R. 

Similarly, we can define the notions of right denominator sets and right Ore sets, respectively. Clearly, 
if R is commutative, then every multiplicative subset of /? is a left and right denominator set. Furthermore, 



if /? is a domain, that is, R is a (not necessarily commutative) ring which has neither left zero-divisors nor 
right zero-divisors, then R \ {0} is a left denominator set if and only if it is a left Ore set if and only if 
Rri r\Rr2 ^ {0} for any non-zero elements ri , r2 € R. We say that /? is a left Ore domain if R\ {0} is a left 
denominator set. 

The following lemma explains how left Ore localizations arise, and establishes a relationship between 
left Ore localizations and universal localizations. 

Lemma 2.5. Il23l Theorem 10.6, Corollary 10.11] Let ^ be a left denominator subset ofR and X: R ^- /?$ 
the universal localization of R at <I>. Then there is a ring, denoted by ^^R, and a ring homomorphism 
lu:R^^<t>^R such that 

(1) /jis <t>-invertible, that is, {s)ili is a unit in <t>^Rfor each s G<t>, 

(2) every element of <t>^R has the form ((f )i") if)fjfor some ? G <I> and some r ^R, 

(3) ker(^) = {r ^R\sr = Ofor some s £ <!>}, and 

(4) there is a unique isomorphism V : <t>^R -^ R^ of rings such that X = /jV. 

The ring ^^R in Lemma l23] is called a left ring of fractions of /? (with respect toO C/?), or alternatively, 
a left Ore localization of R at <I>. Clearly, for commutative rings. Ore localizations and the usual localizations 
at multiplicative subsets coincide. 

Similarly, when <l> is a right denominator subset of R, we can define a right ring R^^ of fractions of R. 
If <I> is a left and right denominator subset of R, then ^^R is called the ring of fractions of R, or the Ore 
localization of R at <I>. Actually, in this case, both <t>^R and R^^ are isomorphic to /?$. Furthermore, if R 
is a left and right Ore domain R, then the ring of fractions of R with respect to R\ {0} is usually denoted by 
Q{R). Notice that, up to isomorphism, Q{R) is the smallest division ring containing /? as a subring. So we 
call Q{R) the division ring of fractions of R. 

The other kind of universal localizations is provided by universal localizations at injective homomor- 
phisms between finitely generated projective modules, and therefore related to finitely presented modules of 
projective dimension at most one. 

Suppose that u is a set of finitely presented 7?-modules of projective dimension at most one. For each 
U G Zl, there is a finitely generated projective presentation of U, that is, an exact sequence of /^-modules 

(*) O^P.^Po^U^O, 

such that Pi and Pq are finitely generated and projective. Set £ := {fu \U € il}, and let 7?^ be the universal 
localization of R at £. If flj : Q\ ^- Qo is another finitely generated projective presentation of U, then the 
universal localization of /? at Z' := {/^ \ U € u} is isomorphic to R^- Hence /?« does not depend on the 
choices of the injective homomorphisms /[/, and we may say that 7?^ is the universal localization of Rat tl. 
Clearly, we have Torf (7?^ ,U)=0 for all i>OandU eu, and therefore Torf (7?^; ,X) = for all / > 
andX ej{u). 

Now, we state the promised example of recollements as a proposition which is a consequence of lUl 
Lemma 6.2, Corollary 6.6]. It is worthy to notice that the recollement in this proposition is, in general, 
different from the one obtained from the structure of triangular matrix rings. 

Proposition 2.6. Let 11 be a set of finitely presented R-modules of projective dimension one, and let X : 
R — )• Rfi be the universal localization ofR at 11. Suppose that X is injective and that the R-module R^ has 
projective dimension at most one. Set S := Endi{{Rfj/R), B := EndR(/?u 0/?^//?) and Z := {S^Rfu | U G 
11 }. Tlien there is a recollement of derived module categories: 

^{Sn) ^ &{B) *- &{R) , 

where Sz is the universal localization ofS at £. 



In many cases we can use this proposition repeatedly because the following result states that iterated 
universal localizations are again universal localizations. 



Lemma 2.7. 1129 [ Theorem 4.6] Let £ and T be sets of homomorphisms between finitely generated projective 
R-modules. Set T := {/?£ (8ir f \ f & F}. Then the universal localization of R at LUT is isomorphic to the 
universal localization ofRz at F, that is, Ri,\jr — (^i:)r '^^ rings. 

Next, we recall the definition of discrete valuation rings. 

Definition 2.8. A ring R is called a discrete valuation ring (which may not be commutative) if the following 
conditions hold true: 

(1) /? is a local ring, that is, R has a unique maximal left ideal m; 

(2)a>im'=0; 

(3) m = pR = Rp, where p is some non-nilpotent element of R. 

We remark that an equivalent definition of discrete valuation rings is the following: A non-division ring 
R is called a discrete valuation ring if it is a local domain with m the unique maximal ideal of R such that the 
only left ideals and the only right ideals of R are of the form m' for / € N. 

The element p in the above condition (3) is called a prime element of R. Clearly, for each invertible 
element v of R, both vp and pv aie prime elements. A discrete valuation ring is said to be complete if the 
canonical map R — )• lim. R/m' is an isomorphism. Note that every discrete valuation ring can be embedded 
into a complete discrete valuation ring. 

The following lemma collects some basic properties of discrete valuation rings, which will be frequently 
used in our proofs. 

Lemma 2.9. ( II22I Chapter 1], II23II ) Let Rbe a discrete valuation ring, m the unique maximal ideal ofR, and 
p a prime element ofR. Then the following statements are true: 

(1) The ideals m' (/ S N) are the only left ideals and the only right ideals ofR. 

(2) For any non-zero element x € /?, there are unique elements x\,X2 G /? \ m such that x = x\p" = p"x2 
for some « G N. 

(3) R is a left and right Ore domain. In particular, the division ring Q{R) of fractions ofR exists. 

(4) Q{R) is isomorphic to the universal localization of R at the map Pp : R ^ R defined by r >—^ rp for 
reR. 

Finally, we prepai^e several homological results for our later proofs. 

Lemma 2.10. Let R be a ring and let — > X -—^ Y ®Z — > W — > be an exact sequence of R-modules. 
Assume that f : X ^Y is injective and that there is a homomorphism g :Y ^ Z with g = fg : X ^ Z. Then 
there exists an automorphism (p of the module Y ®Z and an isomorphism \|/ : W — ?> Coker(/) ©Z such that 
the following diagram commutes: 

^X^^Y®Z ^- ^W ^0 

^Z^^^F©Z^^Coker(/)©Z ^0, 

where 7i : F — )■ Coker(/) stands for the canonical surjection. 

Proof. Set cp := ( ^ ^^)- Then cp is an automorphism of the module 7 ® Z. Since g = fg, we have 
(/,g)cp = (/,0). Thus, there exists a unique homomorphism \|/ : W — > Coker(/) ©Z, such that the exact 
diagram in Lemma l2.10l is commutative. Clearly, \|/ is an isomorphism. This completes the proof. D 

The following homological facts ai^e well known in the literature (see, for example, the book IITtI ). 



Lemma 2.11. Let Rbe a ring. 

(1) ^{Xa}ae/ '■^ ^ direct system of R-modules, then 

(i) HomR(limXa,M) ~ \\mliomR{Xa, M) for any R-module M. 

a a 

(ii) For any finitely presented R-module M, we have HomR(M,limXot) ~ limHom«(M,X(j(). 

a a 

(Hi) Let n>0. IfM is an R-module with a projective resolution • • • ^- Pn+i — ^---^-Pi^-Po— ^^— ^0 

such that all Pj, with < j <n-\-l, are finitely generated, then 

Extjj(M,lii^X„) ~ lii5ExtUM,X„) 
a a 

for all i < n. 

(iv) If M is a pure-injective R-module (for example, M is of finite length over its endomorphism ring), 
then 

Extjj(lii5Xa,M) ~ l^ExtUXa,M) 

a a 

for all i > 0. Conversely, if this isomorphism is true for i = 1 and for every directed system Xa, then M is 
pure-injective. 

(2) /jf {iajote/ is an inverse system of R-modules, then, for any R-module M, 

HomR(M,l^Fo() ~l^HomK(M,Fa). 



Remarks. (1) The statement (iv) is due to Maurice Auslander. 

(2) The class of all pure-injective /^-modules is closed under products, direct summands and finite direct 
sums. In general, it is not closed under extensions. 

Lemma 2.12. Let A be a finite-dimensional k-algebra over afield k, M a finite-dimensional A-module and 
N an arbitrary A-module. 

(1) If pro}.dim{M) < 1, then DExt\{M,N) ~ lioTaA{N ,tM), where proj.dim(M) stands for the projective 
dimension ofM. 

(2) //■inj.dim(M) < 1, then Ext\{N,M) c^ DHomAix^^ M ,N)), where inj.dim(M) stands for the injective 
dimension ofM. 

Proof. It is known that every A-module A^ is a direct limit of finitely presented A-modules {Xa}aei^ and 
that (1) and (2) hold true for finitely generated modules A'^. Then, it follows from Lemma l2.11l that 

DExt[{M,N) ~ DExt^(M,limXa) c^ D limExt^(M,Xa) c^ limDExt^(M,Za) 

a a a 

~ limHomA(Xa,xM) ~ HomA(limXa,xM) = HomA(A'^,xM). 

a a 

This proves (1). The statement (2) can be shown similarly. D 

3 Proof of the main result 

Unless stated otherwise, we assume from now on that R is an indecomposable finite-dimensional tame hered- 
itary algebra over an arbitrary but fixed field k. 

Let S^ := .y{R) be a fixed complete set of isomorphism classes of all simple regular /^-modules. For 
each U £ y and ?z > 0, we denote by U [n] the /^-module of regular length n on the ray 

(*) U = U[l] CU[2]c---CU[n]cU[n+l]c--- , 



and let L'^[oo] = Um U[n] be the Priifer module corresponding to U . Note that U[°°\ has a unique regular 

n 

submodule U[n\ of regular length n, and therefore admits a unique chain of regular submodules, and that 
each endomorphism of U [oo] restricts to an endomoiphism of U [n] for any « > 0. For further information on 
regular modules and Priifer modules over tame hereditary algebras, we refer to ll27l Section 4, 5] and lITSl . 

Recall that we have defined an equivalence relation ~ on ^S^ in Section [T] It is known that two simple 
regular modules lie in the same clique if and only if they lie in the same tube. Thus a clique is just the set of 
all simple regular modules belonging to a fixed tube. 

Let U ^ S^ and u C .y . We denote by 'io{U) the clique containing U , and by c{U) the cardinality of 
'1p{U). Similai^ly, we denote by "^(w ) the union of all cliques 'io{U) with U £ Zl, and by c('U ) the cardinality 
of 'io{u). As mentioned before, c{U) is always finite, and furthermore, c{U) = 1 for almost all U € y. In 
fact, there are at most 3 cliques consisting of more than one element. Also, we know that all cliques consist 
of one simple regular /^-module if and only if R has only two isomorphism classes of simple modules. If k is 
an algebraically closed field, this is equivalent to that R is Morita equivalent to the Kronecker algebra. 

3.1 Endomorphism rings of direct sums of Priifer modules 

In this subsection, we shall consider the endomorphism ring of the direct sum of all Priifer modules obtained 
from a given tube. This ring was calculated already in IIJTTI . For convenience of the reader and also for the 
later proof of our main result, we include here some details of this calculation. 

Throughout this subsection, let C be a clique of /?-mod, U G C, and t the tube of rank m > 1 containing 
C. Set Ui := x"('"^)[/ for / G Z. Then x^"'U ~ U, and C = {UuU2,--- , Um-\, U,„} which is a complete set 
of non-isomorphic simple regular modules in t. Since Uj ~ Uj^,„ for any j € Z, the subscript of Uj is always 
modulo m in our discussion below. It is well known that End/;(?7,) is a division algebra and HomR([/;, Uj) =0 
for 1 < / / 7 < m, and that DExt^ ([/,-, t/y) c^ Ends([/;) if j = i— 1, and zero otherwise. Furthermore, t is an 
exact abelian subcategory of /?-mod, and every indecomposable module in t is serial, that is, it has a unique 
regular composition series in t. For example, for any / G Z and j > 0, the module Ui [j] admits successive 
regular composition factors Uj,Ui^\,--- ,Ui+j-i with Ui as its unique regular socle and with L^i+j-i as its 
unique regular top. For details, see ll28l Section 3.1]. 

Now, we mention some properties of Priifer modules. 

Lemma 3.1. The following statements hold true for the tube t. 

(1) For any \ <i <m and for any regular module X in t, we have Hom«(?7;[oo],X) =0 = Ext^(X,[/,[oo]). 
Further, if I < i < j < m, then llomR(Ui[n],Uj[°°]) = for 1 <n<j — i, and }lom]i{Uj[n],Ui[oo]) = for 
I < n < m — j + i. 

(2) Let i, J G N with 1 < / < j. Then, for any n> j — i, there is a canonical exact sequence ofR-modules: 

-^ Ui [j - i] -^ U [n] '-^ Uj [n - U - /)] ^ 0. 
In particular, we get a canonical exact sequence 

-^ Ui[i - i] -^ [/,-H ^ ^,.[00] -^ 0, 

where £,j- := lim £,j[«]. Moreover, we have £,j- = £,+,„, y+m and ^ij^j^p = ^i,pfor any p > j. 

n 

(3) Let i,j G N with 1 < j — i <m. Then Eij induces an isomorphism of left ^nAR{Ui[°°\) -modules: 

(£,-j)* :EndR([/;H) ^^HomR([/;[oo],[/^.[oo]), 
and an isomorphism of right ^nAji[U j[°°\)-modules: 

(£,-j), : EndR(^yH) ^^HomR([/;H,^iH)- 



In particular, we get a ring isomorphism cp;.y : EndR{Ui[o°]) — )■ EndR{Uj[o°]), f i-^ f for f £ End/j(?7;[oo]) and 
f G EndRiUj [oo] ), with f£i,j = Eijf. 

( if r <. s 

(4) Suppose \<r,s,t<m.SetAr^s-=S . -r ^ ' and define Tir.s '■= £ns+A,.,,m G Horns {U,- [°°] , ^v+A,,,m [°°] )■ 

Then 

'^'■^ ^'' \ Tirs'^r.t Otherwise. 

In particular, we have {Kij)(pij = Tljjfor any I <i < j <m. 

(5) The ring Ends(^i[°°]) is a complete discrete valuation ring with Kjj as a prime element. If k is an 
algebraically closed field, then there is a ring isomorphism cp,- : Ends(?7,[oo]) —^ k[[x]] which sends Kij to x. 

Proof (1) Note that DExt^(X,^,H) - iiomR{Ui[oo],iX) for any X e t by Lemma EHIl), and that 
every indecomposable module in t is serial. This means that, to prove the first statement in (1), it suffices to 
show lioTaii{Ui[°°],Uj) = for all 1 < 7 < m. In fact, since the inclusion map Ui[n] — > Ui[n + 1] induces a 
zero map from HomR([/,[?i + l],Uj) to }iomR{Ui[n],Uj) for all n. This implies that 

liomR{Ui[oo],Uj) =liomR{lm^Ui[n],Uj) :^l^}iomR{Ui[n],Uj) = 0. 

n n 

The last statement in (1) follows from the fact that the abelian category t is serial. 
(2) For any n> j — i, we can easily see from the structure of the tube t that there is an exact commutative 
diagram of /^-modules: 



^Ui[j-i] ^Ui 



£'■-./['< 



-^Uj[n-{j-i)] -0 



Ui [j - i] Ui [n + 1] '^' Uj [n - {j - /) + 1] 0, 

where the map £ij[n] is induced by the canonical inclusion Ui[j — i] ^-> Ui[n]. Thus, by taking the direct limit 
of the above diagram, we obtain the following canonical exact sequence 

(*) O^UiiJ- i] -^ Ui [00] ^ Uj [00] -^ 0, 
where Ejj : = lim £, ^ [n] . This finishes the proof of the first assertion in (2) . In the following, we shall show that 

n 

£ij = £i+m,j+m and £ij£j,p = £i,p for any p > j. In fact, the former clearly follows from £i,j[n] = £,+,„, ;+m[«] 
for any n > j — i, since Ui = Ui+m and Uj = Uj+m by our convention. As for the latter, one can check that, 
for any u> p — i, the composition of 

s,- J- [u\ : Ui [u] — > Uj [u - {j - /)] and £y,p [u - {j - /)] : Uj [u - {j - /)] — > Up [u-{p- /)] 

coincides with £i,p[u] : Ui[u] — > Up[u — {p — /)]. So, we have £,,;•[«] £j,p[u — (7 — /)] = £,-,p[m]. Consequently, 
by taking the direct limit of the two-sides of the equality, we have £,-,y Zj^p = £,-,y, for any p > j. This completes 
the proof of (2). 

(3) If we apply \ior(iR{Ui[°°\, —) to the sequence (*) in the proof of (2), then we can get the following 
exact sequence: 

^ Homs ([/,■ [00] , Ui [j -i])^ Hom« {Ui [-] , Ui [-] ) H* Hom/, {Ui [-] , Uj [-] ) ^ Ext^ (^,- [00] , Ui [j - /] ) . 

Note that Hom^ {Ui [°°] , Ui [j — i]) = by ( 1 ) . Thus, to prove that (£;.y ) * is an isomorphism, it suffices to show 
Extj^ ([/,• [oc] , Ui [j -i]) = 0. In fact, this follows from Ext^ (^,- [00] , Ui [j - /] ) ~ DHoms (x" {Ui [j - /] ) , Ui [00] ) ~ 
DHoms(?7j+i [7 — /], J7,[oo] = 0, where the last equality holds for 1 < 7 — / < m by (1). 
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Next, if we apply liomR{—,Uj[°°]) to the sequence (*), then we get the following exact sequence: 

^ EndRiUj [oo] ) H* Hom« ([/,• [-] , ^, [oo] ) -^ Hom« (^,- [j - i] , Uj H ) . 

Since 1 < 7 — / < m, we have Homs([/;[j — /],?7y[oo]) = 0, and therefore (£;,;■)* is an isomorphism. 
Now, it follows from the isomorphisms (£,j)* and (£,-,y)* that the map 

%j : EndR{Ui[oo]) ^EndR{Uj[oo]) 

in (3) is well-defined and thus a ring isomorphism. 

(4) By definition, for I <r, s,t <m, one can check 

^r.i^.s-.f = £r,.v+A,-.jm£.v,r+Aj,,m = ^r,.v+A,-sm£.v+A,-jm,f+(A.,.,+A,-i)m = ^r,?+(A„+Aj_,)m- 

On the one hand, for any p> r and q> r,\Ne. infer from (2) that Zr^p = Er.q if and only if p = q. On the other 
hand, we always have A^^^ + A,, —Arj S {0, 1}. Consequently, the first statement in (4) follows. In particular, 
this implies that Tlijlljj = T^ijTli.j for 1 < / < j < m. By the definition of cp,- y in (3), we can prove the second 
statement in (4). 

(5) Set Di := End«([/,[oo]). It follows from ll27l Section 4.4] that D,- is a complete discrete valuation 
ring. Let m be the unique maximal ideal of D,. We shall prove that 7ij ; is a prime element of D,, that is, 
m = KijDi = Di%ij. Indeed, by applying HomR (—,[/,■ [00]) to the following exact sequence: 

— > Ui[m] — > Ui[oo\ ^ Ui[oo\ — > 0, 
we obtain another exact sequence of right D,-modules: 

-^ Di 'H* Di -^ Hom«([/,-[m], ^,-H) ^ 0, 

due to Ext^(?7,[oo], L^,[oo]) = 0, which follows from |[27l Section 4.5]. To show m = iiijDi, we first claim that 
Hom«([/,[m], [/,[oo]) ~ Homs([/;, Ui[°°]) ~ D,/m as right D,-modules. 
Let 

O^Ui^ Ui[m] ''^"' Ui+i [m - 1] ^ 

be the exact sequence defined in (2). Then we get the following exact sequence of ^-modules: 

Homfi([/,-+i [m - l],UiH) -^ Hom«([/,-[m], [/,-H) -^ HomR([/;, UiH) -^ Ext^(^,-+i [m - \],UiH)- 

Since HomR([/,-+i[m - 1],^,-H) = = Extj^([/,-+i[m - 1],^,-H) by (1), we have Hom«(^;[m],[/,-H) - 
Homs(?7,-, ?/( M) ^s right D,-modules. 

It remains to show Homs(?/i, t/; M) — Di/m as right D,-modules. Let 

o^Ui^ UiH '-^ Ui+i H -^ 

be the exact sequence defined in (2) with ^ the canonical inclusion. Since Ext]^{{Ui+i)[°o],Ui[°°]) = by 
|[27l Section 4.5], we infer that, for any f : Ui ^ Ui[oo], there is ^ G D, such that / = C,g. This means 
liomR{Ui,Ui[oo]) = ^Di. Clearly, ^D,- ~ Di/N as right D^-modules, where N := {h £ Di \ Qi = 0}. As the 
canonical ring homomorphism from D, to Ends([/j) via the map ^ induces a ring isomorphism from D,/m to 
Ends(?7,), we have ^m = 0, that is, m C A^. Since D, is a local ring and A'^ C D,-, we get N = m, and therefore 
Homs(?/,-, f/( M) — ^i/^ ^s right D,-modules. This finishes the claim. 

From the above claim, we conclude that m coincides with the image of (tI;,;)*, that is, m = TiijDi. Simi- 
larly, we can prove m = Diiiij. This means that 71; ; is a prime element of D,-. As for the second statement in 
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(5), we note that, for any p G N and \ < q <m, the canonical inclusion map Ui[pm + q] ^ Ui[pm + 17+1] 
induces an isomoiphism: 

HomR ([/,• [pm + q+\],Ui [00] ) ^ Hom^ ([/; [pm + q] , Ui [00] ) . 

Consequently, we have the following isomorphisms of abelian groups: 

Di = Homs ( lii^ Ui [n] , Ui [00]) ~ 1^ Hom^ {Ui [n] , Ut H) 

~limHomR([/;[(n-l)m+l],[/;H) ^limk[x]/{x") c^k[[x]]. 

n n 

Here we need the assumption that k is algebraically closed field. Now, one can check directly that the 
composition of the above isomorphisms yields a ring isomorphism cp, : D, — )• ^[[x]], which sends 7l,-_,- to x. 
This finishes the proof. D 

By Lemma I3TTT 3). the rings End/j(?7;[oo]), with 1 < / < m, are all isomorphic. From now on, we always 
identify these rings, and simply denote them by D{c). Further, we write m(c) and Q{c) for the maximal 
ideal of D{c) and the division ring of fractions of D{c), respectively. In particular, m{c) = %ijD{c) = 

Suppose that C is a Z-module and c £C. For 1 < i,j < m, we denote by Eij{c) the m x m matrix which 
has the (/,j)-entry c, and the other entries 0. For simplicity, we write Eij for Ejj{l) if C is a ring with the 
identity 1. 

Lemma 3.2. For 1 < i,j < m, let Kjj be the homomorphisms defined in Lemma \3A\ 4). Then there is a ring 
isomorphism 

(D{c) D{c) ••• D{C)\ 

m{c) D{c) ■•■ : 

: •-. •-. D{C) 

\m{c) ■■■ m{c) D{C)J 

which sends E,„^i{n,„^i) to £"„!,! (^m,m) and £'r,r+i(^r,r+i) to Er^r+i for I < r < m, where the maximal ideal 
m{c) of the ring D{c) is generated by the element %m,m- 

Proof. For any 1 < / < m, by Lemma [3?TT 2) and (4), we have the following exact sequence of /^-modules: 

-^ U:[m - i] -^ UiH ^ U4oo] -^ 0. 
Summing up these sequences, we can get the following exact sequence: 

m— 1 m 

i=i 7=1 

where ^ := diag(7ii „ji ^2,m, • • ■ , T^m-i.m, l), the m x m diagonal matrix with 7i,„, in the (/,/)-position for 
1 < / < m, and with 1 in the (m,m)-position. 

m 

Let D := EndK{U,n[°°]), and let m be the unique maximal ideal of D. Set A := End/; (^^[/y [00]). Since 

j=i 
liomii{Ui[m — i], Um[oofj = for 1 < / < m, we see that, for any g € A, there exists a unique homomorphism 
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p: End«(0^,H)^r(c) 



(•=1 



/ and a unique homomorphism h such that the following diagram is commutative: 

m-l 



0- 



e^.- 



m — i\ 



i=l 



f\ 



0- 



ni— 1 



m — i\ 









I 
I 

h\ 
I 
Y 



-^m[° 



1 ('«) 



-^0. 



This yields a ring homomorphism p : A — )• Mm{D) defined hy g^^h. More precisely, if g= (gu.v) i<„ ,,<,„ S A 
with gu^,, G Homs(?7„H, J/^oo]), then h = (/i„^,,) i<„,v<m ^ M,„{D) with /j„^,, G D satisfying 

(a) gu,vT^v,m = T^u,mhu,v if u < m and v < m, 

(b) /im,v = gm,v'!^v,m if M = m and V < m, 

(c) gu.m = T^ujnhu.m if ii< m and V = wi, and 

(a.) rlfnm Sm,m- 

In particular, the map p sends £„,„ in A to £■„„ in M„AD). In this sense, we may write p = (Ph.i-),^ ^ > 
where p^,,, : Homs([/„[oo], [/^,[oo]) -;. D is defined by guy ^ K,v 

Clearly, p is injective since Homs(?7y[oo], L^,[m — /]) = for 1 < 7 < m and 1 < / < m by Lemma [TIT 1). 
In the following, we shall determine the image of p, which is clearly a subring of M,„{D). 

On the one hand, for any a G End«(?7„[oo]), b G Hom«(?7„[oo]j[/,,[oo]) and c G Ends([/v[H)' we have 
(fl;Z7c)p„,v = (fl')p,(,r,(Z7)pi,,i.(c)pv,i.. On the other hand, it follows from Lemma [3?ll 3) that p„„ is always a 
ring isomorphism, and the left Ends (?7,( [00]) -module Hom«(?7„[oo],[/,,[oo]) is freely generated by %u,v for 1 < 
u^v <m. This implies that the image of p coincides with the mxm matrix ring having D (7lj,,v)Pi(,i' in the 
(M,v)-position if I < u ^ v < m, and D otherwise. Moreover, by Lemmata 13. 11 3) and (4), if I < s < t < m 
and 1 < w < m, we can form the following commutative diagrams: 



Us 



U, 



00]. 


^Um 


[00] 


Ur 


ItiJ 








00]- 


— ^u,„ 


00], 


Us 



ool ^ Urn [ool 



^„ 



^„ 



u. 



tra.ii' 



^„ 



■^„ 



^V. 



u. 



■u„ 



'^w.m 



■U, 



In other words, we have {ns^t)Ps.,t = 1 = {'^w.m)Pw,m and (7lr,,)p,,.v = 7I„,,„, = (7i,„,vy)Pm,vv- Thus, the image of 
p is equal to the m x m matrix ring having Ditm^m as the {p,q)-entry for I < q < p < m, and D as the other 
entries. By Lemma [3?ll 5). we know m = D%,n.m- Now, by identifying D with D{c) and m with m{c), we 
infer that the image of a coincides with the ring ^{c) defined in Lemma |3^ Therefore, we conclude that 
p : A ^- r(c) is a ring isomorphism which sends £'m,i(^m,i) to i'm.il^m,™) and Er^r+\{T^r,r+\) to £^r,r+i for 
1 < r < m. This completes the proof. D 

Combining Lemma [3TTT 5) with Lemma [l!2l we then obtain the following result which will be used for 
the calculation of stratifications of derived module categories in the next section. 

Corollary 3.3. For 1 < i,j < m, let Kjj be the homomorphisms defined in Lemma \3J\ 4}. Assume that k is 
an algebraically closed field. Then there exists a ring isomorphism 

/k[[x]] k[[x]] ••• k[[x]]\ 

a:End«(0^;H)^r(m):= ^"^^ ^t^] '• " 
1=1 : '•■'•■ k[[x]] 

\{x) ■■■ (x) k[[x]]J 

which sends Em^i(K,n,i) to E,„^i{x) and Er^r+i(j^r,r+i) to E,y+ifor I <r <m. 
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3.2 Universal localizations at simple regular modules 

From now on, let us fix a non-empty subset Zl of J?^, where o5^ is a complete set of isomorphism classes of all 
simple regular /^-modules. Denote by X : 7? — > /?t( the universal localization of R at ll. It follows from |[29l 
Theorems 4.9, 5.1, and 5.3] that X is injective and 7?^ is hereditary. Moreover, it is shown in ^ Corollary 
4.6(2), 4.7] and H that the /^-module 

T^ :=R^(BRzi/R 

is a tilting module with Hom/j (7? ^ //?,/? ^y) = 0. 
Suppose 

(*) O^R^Ri,^Ri,/R^O, 

is the canonical exact sequence of /^-modules with 71 the canonical surjection. Set B := End/j(ru), S := 
EndR{Rii/R) and £ := {S^r/u \U ^ ll}. Recall that the right multiplication map /u : R ^ S defined by 
r i-> (j I— ;• yr) for r € /? and y G S/R, is a ring homomorphism, which endows S with a natural /?-/?-bimodule 
structure. 

Let w + be the full subcategory of /?-Mod, defined by 

U+ ■={Xe R-Mod I Extjj([/,X) = for all U e II and all / G N}. 

For example, the Priifer module y[oo] for V G ^\ "U lies in 1/+ by Lemma lTTT l). 
This subcategory has the following characterization, due to ||2] Proposition 3.8]. 

Lemma 3.4. u+ coincides with the image of the restriction functor X^ : /?y-Mod — )■ /?-Mod. /n particular, 
for any Y ^ u^, the unit adjunction rjy : 7 — >■ /?.y ®r Y, defined byy^^l iSiyfor y ^Y, is an isomorphism of 
R-modules. 

Thus, for an /^-module F G 'U+, we may endow it with an 7?^ -module structure via the isomorphism rjy, 
and in this way, we consider the /^-module Y as an 7?^ -module. Note that this 7?^ -module structure on Y 
extended from the /^-module structure is unique. 

Concerning the universal localization 7?^ of /? at w , we have the following facts (see fS^, Proposition 
1.10], ||2land||I3). 

Lemma 3.5. (1) Suppose that 11 contains no cliques. Then 7?^ is a finite-dimensional tame hereditary k- 
algebra. In particular, the tilting R-module T^ is classical. Moreover, {R-u ®rV \ V G =5^\u} is a complete 
set of non-isomorphic simple regular R^-modules, and {R^ ®r'V)[°°\ ^ V[<>°\ as R^-modules for each V G 

(2) Suppose that U contains cliques. Then R^ is a hereditary order. Moreover, {R^ ®rV \ V G y\ll } is 
a complete set of non-isomorphic simple R^-modules, and the injective envelope of the R^-module R^ ®rV 
is isomorphic to V[°°\for each V G 5^\'U. 

(3) Suppose V C ,y\u. ThenR^u^ = {Ru)^, where V := {7?^ ^r V | V G V}. In particular, there are 
injective ring epimorphisms Rfj — > Rnu-u and R^^^ — > R.y- 

As remarked in |[T3l . in the case of Lemma [331 1). the set of simple regular 7?u-modules in a clique is of 
the form 

{Ru^rV\v ec,v <^zi}, 

where C is a clique of R. Further, by Lemma ISTSl l). for each V G (r\u, the Priifer modules coiTcsponding 
to R^ (Sir V and to V are isomorphic. In particular, they have the isomorphic endomorphism ring. 

Thus, if Ci,C2,-" ,andG are all cliques from non-homogeneous tubes and if w is a union of c{Ci) — I 
simple regular /^-modules from each Ci, then each clique of 7?^ consists of only one single element. This im- 
plies that /?u has only two isomorphism classes of simple modules. If, in addition, the field k is algebraically 
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closed, then 7?^ is Morita equivalent to the Kronecker algebra. In this case, since the set of cliques of the 
&onecker algebra are parameterized by P^ (k), we see that the set of cliques of an arbitrary tame hereditary 
^-algebra can be indexed by P^ {k). 

A description of the structure of the module R-u/R was first given in ll30l . and a further substantial 
discussion is carried out recently in |[3]- Especially, the following lemma is proved in 131, where the field k is 
required to be algebraically closed. In fact, one can check that, if k is an arbitrary field, all of the arguments 
in the proof of the lemma in fSl are still valid except some mild changes. For instance, the field k should be 
replaced by certain division rings in most of the proofs. 

Lemma 3.6. (1) The R-module R-u/R is a direct union of finite extensions of modules in 11. 

(2) Let t C /?-mod be a tube of rank m > 1, and let 11 = {Ui,U2,- ■■ , Um- 1} be a set of m—\ simple 
regular modules in t such that Ui+\ = X^Utfor all \ <i<m—\. Then 

Ru/R ^ Ui [m - l]^^"i^ ®U2[m- 2](^^2' • • • [/,„_i [Ij^^"'"-'', 

with duj := dimEndK(f/ ) ^^^R{Uj:R)for I < j < m — I. Moreover, R^ ®r Um — Um[m] as R^-modules. 

(3) If 11 is a union of cliques, then, for any finitely generated projective R-module P, 

R{Rn/R)^RP^^U[^f"-'\ 

where bu,p := dimEnd«((/)Ext^(?7,P). 

Next, we shall show that R^ and EndR(/?u /R) can be interpreted as the tensor product and direct sum of 
some rings, respectively. 

Lemma 3.7. Let ll = IIqUUi C ^ such that Uq contains no cliques and 11\ is a union of cliques. Then the 
following statements are true: 

(1) Uq C u^, i1\ C i1q, Ru ^R-Uj (SirRuo as Ru^-Ru^-bimodules, andRu/Ru^ ^R-u, CSs (7?^,,//?) as 
R<ui -R-bimodules. 

(2) There is a ring isomorphism 

(p:Endfi (/?«//?) 

Proof. (1) By the assumption on u, if ?7 G Uq and V G Hi then they belong to different tubes, and 
therefore 11o<^ 11^ and Hi C 1/+. 

By Lemma[33J the unit adjunction rjf/ : J7 — > R^q ®rU is an isomorphism of 7?-modules for any U £ lli. 
This implies that every module in 11 1 can be endowed with a unique R^iQ-module structure that preserves 
the given /^-module structure via the universal localization Xq : /? — )• R^g. Consequently, it follows from 



EndR{R^jR)xEndR(R^/R 



^Uo) 



Lemma l33l 3) that/?^ = {Ruo)^, 
7?-modules: 



Moreover, we can construct the following exact commutative diagram of 



(*) 




Ru/R 



«0 



■Ru/R 



«o 
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0, 



where Xi is the universal localization of R^i^ at Ui, and X2 is the canonical injection induced by X\, and 
where tiq, 7Ii and 712 are canonical surjections. 

Clearly, 7?^^ is a finite-dimensional tame hereditary algebra by Lemma [331 1). From R^j = {RiJo)iii we 
see that R^ /Ruo is a direct union of finite extensions of modules in "U 1 by Lemma [331 1). Since R^J^ is the 
universal localization of R at lli, we have ToTf{R^^,V) = for any / > and V ^ Zli. Note that the i-th left 
derived functor Torf (/?U| , — ) : /?-Mod — )• Z-Mod commutes with direct limits. Thus Toif (/?t(i ,/?« /^^o) = ^ 
for any / > 0, which implies that the homomorphisms 7?^), (X)«^i and R^^^ (giK?i2 are isomorphisms. Moreover, 
by Lemma [ZTl we have R^ = (/?«, ):^^ with llo:= {Rm 0rU \U ^ Uq}, and therefore /?« can be regarded 
as an 7? j^, -module. Consequently, the canonical multiplication map V2 : R^i ®r/?« — )■ R^ is an isomorphism. 

Now we apply the tensor functor /^^j (g)^ — to the diagram (*), and get the following exact commutative 
diagram of /?ur^-bimodules: 



RiH^Rh) Rvj^rKo 



Rui^rR ^Rii,(^rRiio ^Ru,<S)r{Ruo/R) ^0 



Rvj^rM 



Rllf^Rh 



Vl 



Rui^rR ^Rfn®RRfi ■ ^/?«, (g)«(/?u/^) ^0 

I 

V2 I 

Y 

^Ru, ^Rii ^R-u/R-u, ^0, 

where Vi is the multiplication map. Thus R^i ~ R^i^ ^rRuq as /?t;,-/??7p-bimodules, and R^/Rui — Rui '5S>r 
(R^g/R) as /?j^,-7?-bimodules. 

(2) Note that lli C 'U+ and Uq ^ Wj^, and that Uq and Zl[ consist of finitely presented modules of 
projective dimension one. By Lemmata |3.5r i) and |3.6r i). we can write /?u//?t,Q = limXa withXa € ^ ("Ui). 

a 
Then, by Lemma [2.11[ we have the following isomorphisms: 

(**) Ext{{R^jR,R^/R^„) c^\imExt{{R^jR,Xa) = = limExt{{Xa,RvjR) ^Ext{{R^/R^„,R^jR) 

a a 

for any j > 0. Particularly, the canonical exact sequence 

— > Ruq/R —^ Rii /R — > Ru /Ruq — > 

splits in /?-Mod, that is, R-u/R — Ruq/R ® Rv/Ruq as /^-modules. Since R — )> 7?^^ is a ring epimorphism, 
we have Ends(/?u /Ruq) = End^^^ (7?^ /Ruq)- Thus it follows from (**) for 7 = that 

EndR{R^/R)^EndR{R^jR)xEndR,^^^{R^/R^^). 

This completes the proof of (2). D 

3.3 Proof of Theorem 1.1 

Before we start with the proof of the main result. Theorem II. 11 we have to make the following preparations. 

Lemma 3.8. Let 11 = 11q(JU\ C S^ such that tli is a union of cliques and Uq does not contain any cliques. 

SetA:=EndR^^{Ru/Ruo) and@:= {AOr„^ {Ruo^r/v) \ V G Wi}, S :=EndR(7?«/7?) andL:= {S^r/u \ 
U (z tl}. Then Sz is isomorphic to the universal localization A@ of A at &. 
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Proof. By Lemma IJ!4l we have 7?^^ ^j^V ^V a.^ /^-modules for each V € Wi. Combining this with 
Lemma [331 1). we see that U\ can be seen as a set of simple regular /?uq -modules, and therefore 7?^ 
{Rvo)-Ui by Lemma [33l 3). More precisely, for any V G Ui, we fix a minimal projective presentation 



*■« 



— >Pi^Po^V ^0 
of V in R-mod, and get a projective presentation of V in Rfig-mod : 

O^R^^^rPi ^ R^^^^rPo^V^O. 

This is due to the fact that Torf (/?uo,V) ~ Tor^(RuQ,Ruo (^rV) ~ Torf"''(/?u„,/?uo (g)fi V) = 0. Thus, R^ is 
the universal localization of R^^ at the set {Ruo ®R /y I ^ ^ "^ i }■ Note that 7?^^ is a tame hereditary ^-algebra 
by Lemma [33l l). 

Let A := End/j.^ {Ru/Ruo) and := {A®^,^ (/?uo ^r/v) | V € lii}. In the following, we shall show 
that Sz is isomorphic to A0. 

Let r := End/j(7?t(o/^) and cp = (cpo,cpi) : 5 ^ F x A, where cpo : 5 ^^ F and cpi : 5 — ^ A are the ring 
homomorphisms given in Lemma [3/71 2) . Recall that /j : 7? — > 5 is the right multiplication map. Set /uq = 
/^cpo : /? ^^ F and /ui = /^cpi : R ^ A. Clearly, both /hq and /ui are ring homomorphisms, thi^ough which A 
and F have a right /^-module structure, respectively. Now, we write £ := {S^r/u |[/Gu}as<I>x*P with 
<I> := {ra^Rfu I [/ G li} and *P := {A(g)/j/[/ | U € u}. Consequently, the ring isomorphism cp implies that 
•^z — F(j> X Aij<. To finish the proof, it suffices to prove that Fcj, = and Avj< ~ A©. 

Indeed, we write <I> = <I)o U <I>i with <I>o := {T ^r fy \ U £ Uq} and <I>i := {F (g)R fu \ U e lli}. Then, 
by Lemma [2771 we have F^ ~ (F,!,^)^^, where Oi := {F<j,q ^Rfu\Ueili}.To prove F(j> = 0, it suffices to 
prove F<i>(, = 0. Consider the canonical exact sequence of /^-modules: 

— > R — > Ruq — > Ruq/R — > 0. 

By Lemma [331 1). the module T^^ := 7?^^ (BRuq/R is a classical tilting /^-module, and therefore ^{R) is 
triangle equivalent to ^(Ends(ruo)) in the recollement of &{R), ^(EndR(J'uQ)) and ^(Foq) by Proposition 
12.61 Thus Fof, = and Fo = 0. 

It remains to show A>j< ~ A©. Let ^2 '■ Ruq — > A be the right multiplication map defined by r i-)- (;c 1-^ xr) 
for r E Rfjg and x G Ru /Ruq- Then, along the diagram (*) in the proof of Lemma [3771 one can check that the 
following diagram of ring homomorphisms 

R^^Rno 



M 



^'2 



<Pi 
5— -^A 

commutes. Now, we write ^F = *F() U *Fi with 

^>o:={A®Rfu\Ue'Uo} and »Fi := {A®rM V G Uj}, 

and claim A>j<q = A. It suffices to show that ACs^r/jj is an isomorphism for any U G Uq. However, this 
follows from A^r/u ~ A^r^^ {Ruq ^r fu) and 7?^^ ^r/u being an isomorphism by the definition of 
universal localizations. Hence A^^ = A. 

Now, we have ^\ := {Aip^ (^a'^ | /i G *Pi} = *Fi. It follows from Lemma [ZTl that Aij< ~ (A>j<„)ip ~ Avjij. 
Further, we have A^r fy ~ A(g)R^ {^uq ^r/v) for any V G lii. By comparing the elements in with the 
ones in ^i, one knows immediately that A>i< ~ A©, and therefore S^ — A©, finishing the proof. D 
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Next, we shall show that the universal localizations of interest for us take actually the form of adele rings 
in the algebraic number theory ll24l . Before stating the following lemma, we first recall some notations. 

Let C be a clique of /?-mod. Recall that D{c) stands for the endomorphism ring of a Priifer module V [oo] 
with V G C Note that D{c) is a discrete valuation ring with the division ring Q{c) of fractions of D{c). 
Clearly, Q{c) contains D{c) as a subring. 

Lemma 3.9. Suppose that 11 C ,y is a union of cliques, say 11 = Ui^iCi with I an index set. Let S := 
EndJi{R,^ /R) and T,:= {S ^r fu \U (z 11}. Then S^, is Morita equivalent to the adele ring 



A, 



ifi)iei ^ n2(0) I fi e ^{Ci) for almost all i(^l\. 
iel ) 



Proof. For any finitely generated projective /^-module P, we always have S'S>rP — HomR(7?u /R, {Ru /R) ® 
P) as S'-modules. Thus, we can rewrite £ = {Homs(/?u//?, (Ru/R) 'S)Rfv) \V G 1l}. The whole proof of 
Lemma [3]9] will be proceeded in three steps. 

Step (1). We provide an alternative form of the homomorphism (R^/R) ®Rfv for any V ^ 11. 

In fact, this procedure can be done for each clique C in 11. Let us give the details: Fix a clique C ^ U 

and an element U £ C, and choose a projective resolution — > P\ — > Pq — > U — > of L'^ in R-mod, 
where Pi and Pq are finitely generated projective /^-modules. As X : R ^ R^i is the universal localization of 
/? at u, we know that 7?^ '^Rfu '■ ^« ®rPi -^ Rv ®rPo is an isomorphism. This yields the following exact 
and commutative diagram of /^-modules: 





U 



.P, ^^/?, 0«Pj ^^^ (/?.//?)0«P, -0 



fu 



tefiPo 



Rtl ®Rfu 



t^'SirPo 



(R.u/R)®Rfu 



^Po ^Rn mPo ^ {Ru/R) (S)rPq ^ 



U 



0. 

Consider the following short exact sequence of P-modules: 

(a) ^u^^{Ru/R)^rPi '^"/^'^'^^": {R,/R)^rPo 0. 

On the one hand, by Lemma [33l 3). we have 

iel veci 

for some ny € N, where ny is non-zero since U can be embedded into (7?^ /R) (g)R Pj. On the other hand, for 
W eil,we have HomRiU ,W [oo]) = if W^U, and UomR{U,U[oo]) ~ EndR{U). Now, let 

O^U^U[oo]^ {T-U)[oo] -^ 
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be the canonical exact sequence defined in Lemma [3?1T 2). where C,u is the canonical inclusion. Set D := 
EndR{U[°°]). Then D is a discrete valuation ring. Particularly, it is a local ring with a unique maximal ideal 
m. By the proof of Lemma IBTTT S). we know that lioTa]i{U,U[°°]) = C,uD ~ D/m as right D-modules. This 
means that, for any a : U ^ U[oo], there is a homomorphism P E D such that a = C,u^. Moreover, if the 
above homomorphism a is non-zero, then p must be an isomorphism. 

Keeping these details in mind, we can form the following commutative diagram: 



(b) 



U 



(Ru/R)' 



JR^l 



u 



(!^u,g) 



U\ 



where E is an /?-module and g : U ^ E is an /?-homomorphism which factorizes through ^j/. Then, by 
applying Lemma [2. 101 and combining {a) with {b), we can construct the following exact and commutative 
diagram: 



0- 



U -(/?„//?) 0R A 



{Rii/R)«!Rfu 



-(/?«//?)(»« Po 







0- 



u 



(?(/,0) 



^U[oo 



eE- 



(rr) 



-u) 



■0. 



Suppose C = {Ui ,U2,-" ) U,„-i, U,n} with m > 1 such that x^Ui = ?7,+i for any 1 < / < m, where the subscript 
of Ui is always modulo m. Suppose U = Uj for some 1 < j < m. This means that 7i{/ coincides with 
Tljj+i '■ Uj[oo] — ). Uj+i [oo] defined in Lemma I3JT 4). where 7l„,,„,+i = Tlm^i by our convention. 
Set 

in 

M := 0[/,[oo], A := EndR(M) and n := {Homi;(M,Jt,,,+i) | 1 < -? < m]. 
(=1 

Step (2). We prove An — M^ (2((r)) , the m x m matrix ring over the division ring Q{c). 

For convenience, if 1 < m,v < m, we denote by £"„,, the m x m matrix unit which has 1 in the (m,v) 
position, and elsewhere. 

By Lemma [l!2l there is a ring isomorphism p : A — > r{c), which sends £'m,i(7im.i) to £",„,! (7im,m) and 
£^s,s+i(7ti,i+i) to £"^,^+1 for 1 < i' < m— 1 (see Lemma fjj\ for notations). Let cp^ : T{c)E,n^m — ^ ^{c)E\^\ 
and cp.v : Y{c)Es^s — ^ r(c)£'i+ 1,^+1 be the canonical homomorphisms induced by multiplying on the right by 
E,n,\{T^m,m) andS^^i+i for 1 <5<m— 1, respectively, and define© := {cp„,}U{cp4 | 1 <5<m— 1}. As a result, 
we get An ~ r(c)0. It remains to prove T{c)@ "^ Mm{Q.{c)) ■ In fact, by Lemma l231 one can check that the 
canonical inclusion from T{c) to M„, (D(c)) is the universal localization of T{c) at {cp, \\ < s <m—\}. 
Observe that the universal localization D{c)n,„„, of D{c) at 7i,„,„ is equal to Q{c) by Lemma [2!9l Now, 
combining Lemma 1277] with Corollary [8] Corollary 3.4], we have 

r(c)0 ~M„,(D(C))^,^ ~M,„(D(C)^„,„,) ~M,„(e(c)), 

where (p'„ : M„, (D((r))£'m,m -^ M,„ (D(c))£'i.i is the canonical homomorphism induced by E,n,\ (jlm^m)- Thus 

An ^M,n{Q{c)). 

Step (3). We show that Sz is Morita equivalent to the adele ring A^ defined in Lemma [l!9l 

Indeed, by Lemma|l6l;3), we have R^^/R ~ 0,.^^ ©vgo^H^^''^ where 5y := dimEnd;;(\/)Ext^(V,/?) = 

dimEndK(y)°p (xV ) ^ 0. We claim that there exists J € N such that by <d for all V € W . 

In fact, let {Sj | 1 < 7 < r} be a complete set of isomorphism classes of simple /^-modules for some r € N. 

For each X E /?-mod, denote by dimX G N'' the dimension vector of X . Now, let <-,->: N'' x N*" ^^ Z be the 

Euler form of the tame hereditary ^-algebra R, that is, < dim 7, dimZ >:= dim^HomK(y,Z) — dim^.Ext^(y,Z) 
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with y,Z G /?-mod, and further, \etq:W ^Z be the quadratic form of/?, that is, q( dim Y) :=< dim 7, dim 7 >, 
and let h = (/Jj)i<,<,- be the minimal positive radical vector of q. It is known that h is equal to the sum of 
the dimension vectors of all simple regular /^-modules in t' for an arbitrary tube t' of R. Therefore, we have 
5(7 < dimi(x?7) < (Li/^rOlLydim^S'y) <ooforU^y. In particular, if we take d = (J^if^dilLj^^^kSj), then 
5v <d for all V € W , as claimed. 
Set 

A^:=0 0VH and r:=EndR(A^). 
iel VeCi 

By the above claim, one can check that Homs(/?u//?,A'^) is a finitely generated, projective generator for 
5-Mod, and therefore S is Morita equivalent to P. Note that Morita equivalences preserve universal local- 
izations by [8, Corollary 3.4]. Thus, we conclude from Step (1) and the definition of £ that Sz is Morita 
equivalent to r<|, with 

<!>:= {}iomR{N,Kv) \V eu}. 

Now, let 11 = lOW be an arbitrary decomposition such that X is a union of cliques Ci with / in an index 
set /q and that "W^ is a union of cliques Cj with j in an index set I\. Note that / = /qU/i. Moreover, if /, j G / 
with / 7^ j, then Homs(?7[oo], V[°o]) = for all U G d and V G Cj. Thus, by Lemma [3^ we get the following 
isomoiphisms: 

(*) rc^YiEnd^i^vH) canned ^unci)xUnci). 

iei veCi '^' '^^0 '^'i 

We write Fq := Yliek ^(G) and Fi := Ylieh r(0) and decompose <I> = <I>o U <I>i where 

(i>o:={}iomR{N,Kv)\V e l} and (i>i := {}iomR{N,nw) \W £ W }. 

Under these isomorphisms (*), we can regard Oq (respectively, Oi) as the set of homomorphisms between 
finitely generated projective Fo-modules (respectively, Fi -modules). With these identifications, one can prove 
To ^ (Fo)ci)o X (Fi)$,. 

Next, we assume that each clique in W is of rank one, and each clique L G X is of rank greater than one. 
Clearly, il is a finite set. 

On the one hand, by the foregoing discussion and Step (2), we obtain 

On the other hand, we have Fi = Hie/i ^{^d ■ Now, we claim (Fi)ci>j ~ A^ , where 
^w ■= { ifdieh G n2(C;) I fi G D{Ci) for almost all ielA. 

This ring is similar to the so called adele ring appealing in the algebraic number theory (see ll24l Chapter 5, 
Section 1]). 

Actually, for each / G /i , the clique d consists of only one simple regular module. Hence we write 
D{Ci) = EndR{Ci), which is a discrete valuation ring with a unique maximal ideal generated by 7i,. 

We define e, := (Pj) .^^ G Fi by P,- = 1 and Py = if j / /, and define £,■ := (6^) .^^ G Fi by 6, = 7i,- and 
Qj = 1 if j 7^ /. Let (p,- : Fie,- — > Fi^, be the right multiplication map defined by g i— > giZj for any g G D{Ci). 

Under the isomorphisms (*), we can identify <I>i with {cpy | j G h}. Note that the right multiplication 
map £,■ defined by £, has the following form: 

ei=K' J : Fie,-©F,(l-e,-)^Fie,eFi(l-e;). 
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/;■ = 1 for almost all i G h > C Fi . 



Set *F := {ej \ j G /i}. It is easy to see that (ri)ci)i is isomorphic to the universal localization (ri)ij< of Fi 
at *F. We consider the minimal multiplicative subset T of Fi containing all Ej for j G h. Cleai^ly, (Fi)vj( 
is isomorphic to the universal localization of Fi at T, that is, the universal localization of Fi at all right 
multiplication maps induced by the elements of T. One can check 

(//k/, en{(^0"l«eN} 

We claim that T is a left and right denominator subset of Fi (see Definition [ 

Indeed, let a = {ai)iei^ S Fi and s = {'li"')ieii G T with n,- G N. Since D{Ci) is a discrete valuation ring for 
each / G /i, we have D{Ci)n"' = n"'D{Ci), and therefore Fi^ = Uieh DiCi)K = Ylieh T^"'D{Ci). This means 
50 G To n Fi5 7^ 0, which verifies the condition (/) in Definition 12.41 On the other hand, if as = 0, then 
a,-7l"' = 0. Since 7i"' ^ and D{Ci) is a domain for / G /i, we have a,- = 0, and so a = 0, which verifies the 



condition (//) in Definition 12.41 Thus, T is a left denominator subset of Fi. Similarly, we can prove that T is 
also a right denominator subset of Fi . 



It remains to prove T Fi ~ A^ . In fact, it follows from Lemma 1231 that the universal localization of 



Fi at T is the same as the Ore localization T^^Fi of Fi at T. Moreover, by Lemma l2!9l we see that, for each 

7 G /], the Ore localization of D{Cj) at {{tij)" | ?i G N} is the division ring Q{Cj) of fractions ofD{Cj). Thus, 

by the definition of Ore localizations (see Lemma 1231 ) . one can easily prove T^^Fi ~ A, 

Summing up what we have proved, we get 



^•w ■ 



Fo ^ (ro)oo X (Fi)o, -Y\M,i^cdQ{Ci)) X A 



•W 1 



ieio 



the latter is Morita equivalent to A^ . As Sz is Morita equivalent to F^, we see that Sz is Morita equivalent to 
Au . This completes the whole proof. D 



Proof of Theorem [TT] Recall that B = EndR{Ru 
there is a recollement of derived module categories: 



)R<u/R) and S := EndR{Ru/R). By Corollaiy 



nsz) 



^(B) 



^{R) 



where Sz is the universal localization of S ai L := {S (^^r fu \ U G U }. 

Now we write u = UqVJ U\ C^ such that Uo contains no cliques and Ui is a union of cliques d 
with / G /, an index set. We conclude from Lemma 13.81 that Sz is isomorphic to the universal localization 
Ae of A at with A := End^,^^ (7?^ //?u J and := {A(g)«,^^^ {R^q Or/v) | V G Wi}. Note that R^^ is a 
finite-dimensional tame hereditary ^-algebra, and that W i is a union of cliques when regarded as a set of 



simple regular /?UQ-modules. Now, by applying Lemma 1X91 to 7?uo and "U i, we can deduce that A© is Morita 
equivalent to the adele ring A^ in Theorem ll.il 

Thus, we have proved that Sz is Morita equivalent to A^ . If we substitute S!{Sz) by ^(A^ ) in (*), then 
we obtain the desired recollement of derived module categories in Theorem ll.il 



^(A, 



^(B) 



&{R) 



This completes the proof of the first part of Theorem ll.il 

As for the second part, we note that, if k is algebraically closed, then, for each clique C of 7?, the rings 
D{c) and Q{c) are isomorphic to k[[x]] and k{{x)) by Lemma |3?TT 5). respectively. Now, combining this with 
the first part of Theorem ll.il we know that A^ is isomorphic to A/. This finishes the proof. D 
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If we take 11 = ,9', then the tilting /?-module Ry@Ry/R is a Reiten-Ringel tilting module (see |[27l ). 
This tilting module is actually of the form G^"^ ffi0{/e,y ^[°°]^^'''. where G is the unique generic /^-module 
with n = dimEndR(G) ^' ^rid 5[/ = dimEndK([/) Ext^ ([/,/?) for U e S^ (see ||3] Proposition 1.8]). Recall that ^ 
is parameterized by the projective line P' (k) if k is algebraically closed. As a consequence of Theorem ll.il 
we have the following corollary. 

Corollary 3.10. If k is an algebraically closed field and T is the Reiten-Ringel tilting R-module Ty, then 
there is a recollement 

^(Api(^)) ^ ^(Endfi(r)) &{R) . 

4 Stratifications of derived module categories 

In this section, we shall use Theorem 1 1.1 1 to get stratifications of the derived categories of the endomorphism 
rings of tilting modules of the form R^ ®Ru/R- It turns out that our consideration for general tame hered- 
itary algebras is converted into understanding the case of special tame hereditary algebras consisting of two 
isomorphism classes of simple modules. In particular, if k is an algebraically closed field, we are led to the 
Kronecker algebra. In this way, we shall prove Corollary II .ll in this section. 

4.1 Universal localizations of general tame hereditary algebras 

In this subsection, we shall discuss the endomorphism algebras of tilting modules associated with universal 
localizations of tame hereditary algebras at simple regular modules. The consideration here will be served as 
a part of preparations for stratifications of derived categories in Subsection 4.3. 

Throughout this subsection, R is an indecomposable finite-dimensional tame hereditary algebra over an 
arbitrary field k, and 5^ := J^{R) is the complete set of isomorphism classes of all simple regular /^-modules. 

Let u be an arbitrary subset of y. The following result gives a characterization of the universal local- 
ization R^i of Rai 11 from the view of derived equivalences. 

Lemma 4.1. Let ll cy. Then there exists V C ^ with lin'U =(d such that, forW := W U V, the following 
statements are true. 

(1) There is a finite-dimensional tame hereditary k-algebra A with only two non-isomorphic simple mod- 
ules, and a set S of simple regular A-modules such that R^ coincides with the universal localization A^ of 
Aat S. 

(2) The R^-module T := R^ (BR^/Ru is a classical tilting module. In particular, R,u andEndj{^^^(T) 
are derived-equivalent. 

Proof. Suppose 11 = UqOUi C y such that Uq contains no cliques and "U i is a union of cliques. Observe 
that we may assume Uq = 0. In fact, if Uq is not empty, we can replace R by R^i^ and ll by Hi since R^i^ is 
a tame hereditary algebra and ll i can be seen as a set of simple regular 7?^^ -modules. 

From now on, we suppose Uo = 0, that is, "U is a union of cliques. Let V be a maximal subset of y with 
respect to the following property: V n "U = and V contains no cliques. In other words, from each clique C 
not contained in "U , we choose c{c) — 1 elements, and let I/' be the union of all these elements. Clearly, the 
choice of 'P' is not unique in general. 

Let W := UVJ'V , and let 'U>i be the union of all cliques Ctei in U of rank greater than one, where 7 is a 
finite set. We choose c(q) — 1 elements from each d for / G 7, and let V' be the set consisting of all of these 
elements. Now, we define L = 'U VJl/' and write 'W = LVJM . 

We claim that the statement (1) holds true. Indeed, it follows from Lemma l33l l) that 7?^ is a tame 
hereditary algebra such that all cliques of 7?^ consist of only one simple regular module. This means that 
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/?x has exactly two isomorphism classes of simple modules. By Lemma [33l 3). we have R^ = (/?£ )^ with 
rW := {/?x (SirL I L € 5W }. Thus, setting A := 7?^ and 5 := 5Vf , we get the statement (1). 

In the following, we shall show the statement (2). Note that I/' contains no cliques. Thus, it follows from 
Lemma l33l l) that R^ is a tame hereditary algebra and R^ /R is a finitely presented /^-module. By Lemma 
13.71 1). R^ /Ru ~ R-u ®R {R^ /R) as /?u-/?-bimodules. This implies that R^ /Ru is a finitely presented 
/?u -module, and so is the 7?^ -module T . Hence, T is a classical 7?^ -module. D 

As a consequence of Lemma 14.11 we obtain the following result, which describes 7?^ up to derived 
equivalence by a triangular matrix ring such that the rings in the diagonal are relatively simple. 

Corollary 4.2. Suppose that 11 '^ ^ is a union of cliques del with I an index set. Let V be a maximal 
subset of 5^ such that 'P' DZl =(D and 'P' contains no cliques, and let'^{'\^) = Oj^jCj with J an index set. 
Define W := u U V and T^ := R.u (BRu/R. Then the following statements hold true: 

(1) There is a canonical ring isomorphism: 

FnH (T \^l ^^ HomR(/?„,/?„/7?) 

(2) EndR(/?u//?) is Morita equivalent to Wiei^i^Ct), where T{c) is defined in Lemma U?2\ for each clique 
CofR. 

(3) Ru is derived-equivalent to the following triangular matrix ring 

PnH (K mp /jf \-f R-n> ^omR^\R^,R^/Ru^ 
End,„ {R^®R^/Ru)-^^ ^^^^^ (^^ /^^ ) 

such that 

{a) R^, is the universal localization A^ of a finite-dimensional tame hereditary k-algebra A, which has 
two isomorphism classes of simple modules, at a set S of simple regular K-modules, and 

ip) Endft^j {R^ /Ru) is Morita equivalent to Y\jejTc(c )-\ (EndR(Vy)), where Vj € Cj is a fixed element 
for each j G J, and T„(A) stands for the nxn upper triangular matrix ring over a ring A. 

Proof. Clearly, (1) follows from X :/?—?' 7? « being a ring epimorphism and liomii{R^ /R^R^i) = 0. (2) 
follows from (*) in Step (3) of the proof of Lemma [l!9l As to (3), we first show the statement (b). In fact, by 
the proof of Lemma |4~T1 we know /?^ //?u ~ R^i (E)r {R^ /R) as R^ -/?-bimodules. Since 'U C u +, we have 
Ru ®R {^1' /R) — R-v /R as /^-modules by Lemma [34] and therefore R^, /R.^ ~ R^' /R as /^-modules. This 
impUes that End^^ (7?^ /R^ ) ~ Ends (7?^ /R^ ) ~ Ends(/?^7 /R) . Now, by Lemma [l!6l 2). one can prove 

c(f,)-l 

^^/^=^0 U,j[ciCj)-if-^\ 
jeJ i=\ 

where 8,j > and V n Cj = {Uij \l<i <c{Cj)} such that Uj+ij = x^Uij for all I <i <c{Cj) -I. Further, 
for any j G J, one can check 

c{Cj)-l 

Endfi( Ui,j[c{Cj)-i]) c^T,^,^y,{EndR{Vj)), 
(=1 

where Vj is a fixed element of Cj with j € J. Note that End^(Vj) is independent of the choice of elements of 
Cj up to isomorphism. Thus End/^^^ {R^ /R^i ) is Morita equivalent to Ylj^j ^c(c )-i (EndR(V'j)) , since there is 
no non-trivial homomorphism between two different tubes. 

Note that the other conclusions in (3) are consequences of Lemma |4~T] and of properties of injective ring 
epimorphisms (see also H] Lemma 6.4(2)]). This completes the proof. D 
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Thus, by Corollary I4.2r 3). the consideration of the derived category &{Ru ) needs first to understand uni- 
versal localizations of tame hereditary algebras with two isomorphism classes of simple modules, at simple 
regular modules. If k is an algebraically closed field, then each tame hereditary algebra with two isomor- 
phism classes of simple modules is Morita equivalent to the Kronecker algebra. So, in the next subsection, 
we shall focus our attention on the universal localizations of the Kronecker algebra. 

4.2 Universal localizations of the Kronecker algebra at simple regular modules 

In this subsection, we shall consider the particular tame hereditary algebra, the Kronecker algebra. The 

results obtained here will be served again as a preparation for the discussion of stratifications of derived 

module categories in the next subsection. 

f k k^ \ 
Throughout this subsection, ^ is a field, and R is the Kronecker algebra , where the k-k- 



^0 k ^ 

bimodule structure of k^ is given by a{b,c)d = {abd,acd) with a,b,c,d € k. It is known that R can be 
interpreted as the path algebra of the quiver 

Q: 2^1, 

and that i?-Mod (respectively, R-mod) is equivalent to the category of (respectively, finite-dimensional) rep- 
resentations of Q over k. 

I I 

In this subsection, we denote by V the representation k > k ■ By Lemma 12.31 one can check that 

Ry = M2{k[x\), and the universal localization ?i : 7? — )• /?v is given by I „ M ) i— 5- I ^ J for 

a,b,c,d G k. In particular, the restriction functor X* : Ry-Mod — )• /?-Mod induced by X is fully faithful. Let 
e = i „ „ ) G /?v. Cleai^ly, the tensor functor Ry e (SD^jv] — : ^[;c]-Mod — )• Ry-Mod is an equivalence. Now, 

we define F : ^[;c]-Mod -^ R-Mod to be the composition of the functors Ry e ®^[v.] — and X*. Then F is a fully 

1 
faithful exact functor, and sends each fc[;icj -module M to the representation M > M ■ Moreover, we have 

the following result. 



Lemma 4.3. 1126 [ Theorem 4] The functor F induces an equivalence between the category of finite-dimensional 
k[x]-modules and the category of finite-dimensional regular R-modules with regular composition factors not 
isomorphic to V. 



Let ¥ be the set of all monic in^educible polynomials in k[x]. For each p{x) G iP, we denote by ^pj,.) the 

extension field k[x]/{p{x)) of k, and by Vpf,.) the representation ^p(.t) g ^p(,v) , which is the image of kpf^^^ 

under F. Since simple ^ [a;] -modules are parameterized by monic irreducible polynomials, it follows from 
Lemma 1431 that y := {V} U {Vp(v) I p{x) G ip} is a complete set of isomorphism classes of simple regular 
/^-modules. If k is algebraically closed, then f = {x — a\a £ k}, and therefore y can be identified with the 
projective line P^(^). 

The following corollary gives a characterization of the endomorphisms rings of Priifer modules. 
Corollary 4.4. Let t be a variable and p{x) G S". Then there are isomorphisms of rings: 

Ends {V H) ^ k[[t]] and End« (Vp(,) H) - ^pW [[?]]• 
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Proof. Recall that, for any simple regular /?-module U, we have End/}(?7[oo]) ~ limEndj;(?7[n]) as 

n 

rings. \fU = V, then EnAR{U[n\) ~ k[t\/{t") for any n > 0, and therefore Endi?(?7[oo]) ~ V^mk[t]/{f) ~ 

n 

k[[t]]. Suppose U = Vpi^x). It follows from Lemma [43] that U[n] ~ F (^k[x] / {p{x)'^)) as 7?-modules, and that 

Endi?([/H) - Endi[^]()t[x]/(;7(x)")) ~ A:[x]/(;7(x)") for any n>Q. Thus EndR([/H) - ^^k[x\/{p[x)"). 

n 

This implies that EndR(?7[oo]) is a complete commutative discrete valuation ring (see Lemma ITll S)). and 
therefore it is a regular- ring of KruU dimension 1 . Recall that a regular ring is by definition a commutative 
noetherian ring of finite global dimension. For regular rings, the global dimension agrees with the KruU 
dimension. 

It remains to prove ^mk[x]/{p{x)") —kp(^^-^ [[t]]. Actually, this follows straightforward from the following 

n 

classical result (see ifTTl Theorem 15] for details): 

Let 5 be a complete regular local ring of Krull dimension m with the residue class field K. If S contains 
a field, then S is isomorphic to the formal power series ring ^[[?i , • • • , t,„]] over K in variables t\,--- ,1^- 

Hence EndR(L'^[oo]) ~ Hm k[x] / {p{xy^) ~ kpf^^-^ [[?]], which finishes the proof. D 

n 

In the remainder of this subsection, let A be a subset of 'P , and let u := {V} U {Vp^x) I p{^) ^ ^}- We 
define the A-adele ring of k[x] as follows: 

A(A) := k{{t)) X I (epw)p(,)gA G n ^P(^) ((0) I 9p(.v) G ^p(.v) M for almost all p{x) G aI. 

Combining Theorem 1 1.1 1 with Corollary I4.4[ we get the following result. 

Corollary 4.5. Let B be the endomorphism ring of the tilting R-module Ru ®Ru /R- Then there is a recolle- 
ment of derived categories: 

^(A(A)) ^ &{B) ^ &{R) . 

In Corollary I4.5[ if A = 2', then the iP-adele ring A{f) of ^[x] coincides with the adele ring Aj^^^^^ of the 
fraction field k{x), which appears in global class field theory (see |[24l Chapter VI] and lfT6l Theorem 2.1.4]). 

Finally, we prove the following lemma as the last preparation for the proof of Corollary 11.21 

Lemma 4.6. Let D be the smallest subring of the fraction field k{x) ofk[x] containing both k[x] and -4-^ with 
all p[x) G A. ThenRii ~M2(D), the 2 x 2 matrix ring over D. In particular, R^ is Morita equivalent to the 
Dedekind integral domain D. 

Proof Define W := {Ry ®r Vp(_,) | p{x) G A}. Then Ru = {Rv)-w by Lemma[33];3). Recall that Ry = 
M2{k[x]) and X : 7? — ;• /?v is the universal localization of 7? at V. On the one hand, for each p{x) G A, it follows 
fromyp(.,-) =F{kp(x)) =X^{Rve®k[x\kp(x)) that 

Rv ®R yp(x) ^ yp(x) =Rve ®k[x] kp(x) = ( Z^"''' 

V K-p{x) 

as 7?v-modules. On the other hand, by HI Corollary 3.4], Morita equivalences preserve universal localiza- 
tions. Consequently, we have Ru = [M2{k[x])) ^ ~ M2[k[x]@) with := {^p(.i:) | p{x) G A} C ^[x]-Mod. 
Now, one may readily see that ^[x]© coincides with the localization of k[x] at the smallest multiplicative sub- 
set of ^[x] containing {p{x) \ p{x) G A}, which is exactly the ring D defined in Lemma 1431 Since k[x] is a 
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Dedekind integral domain and since localizations of Dedekind integral domains are again Dedekind integral 
domains, we see that D is a Dedekind integral domain. As a result, we have R^i — M2{D). This completes 
the proof. D 

Remarks. (1) If fc is an algebraically closed field, then, for any simple regular /^-module U , we can choose 
an automorphism a : R^ R, such that the induced functor a* : /?-Mod — > /?-Mod by a is an equivalence with 
o^:{U) ~ V. This implies that, up to isomorphism, Lemma l431 provides a complete description of 7?^ for any 
subset V of y. In particular, R^ is Morita equivalent to a Dedekind integral domain. 

(2) If we localize R at all non-isomorphic simple regular modules y which is indexed by all monic 
iiTcducible polynomials, then, by Lemma |431 we have Ry ~ M2{k{x)) since the smallest subring containing 
the inverses of all irreducible polynomials p{x) is just k{x). 

4.3 Stratifications of derived module categories 

The main purpose of this subsection is to prove Corollary 11.21 We first recall the definition of stratifications 
of derived categories of rings. 

As in m, the derived module category &{A) of a ring A is called derived simple if it is not a non-trivial 
recoUement of any derived categories of rings. A stratification of &{A) of a ring A by derived categories of 
rings is defined to be a sequence of iterated recollements of the following form: a recoUement of A, if it is 

not derived simple, ^^^ ^ ^ -.^ 

^(Ai) ^ &{A) ^ ^(Az) , 

a recoUement of the ring Ai, if it is not derived simple, 

^(Aii) &{Ai) &{An) 

and a recoUement of the ring A2, if it is not derived simple, 

^(A2l) ^{A2) &{A22) 

and recollements of the rings Ajj with 1 < /, j < 2, if they are not derived simple, and so on, until one aiTives 
at derived simple rings at all positions, or continue to infinitum. All the derived simple rings appearing in this 
procedure are called composition factors of the stratification. The cardinality of the set of all composition 
factors (counting the multiplicity) is called the length of the stratification. If the length of a stratification is 
finite, we say that this stratification is finite or of finite length. 

Proof of Corollary 11.21 Under the assumption that k is an algebraically closed field, the following 
two facts are known: (a) For any simple regular /^-module U, the algebras EndR(U) and End/; ( 6^^(00]) are 
isomorphic to k and k[[x]] (see Lemma l3?TT 5)). respectively, and (b) each tame hereditary algebra having two 
isomorphism classes of simple modules is Morita equivalent to the Kronecker algebra. 

One the one hand, it follows from Theorem 11.11 that &{B) is stratified by ^{R) and ^(A/), where 
/ = {1,2, • • • ji} is an index set of the cliques contained in Zl, and the ring A/ is defined in Introduction. 
Since U is a union of finitely many cliques of y, we know that A/ is equal to k{{x)y, the direct product of 
s copies of k{{x)). Thus ^(A/) has a stratification by derived module categories with s composition factors 
k{{x)). Note that ^{R) has a stratification by derived module categories with r copies of the composition 
factor k, where r is the number of non-isomorphic simple /^-modules. Thus &{B) has a stratification of length 
r + s with the composition factor k of multiplicity r, and the composition factor k{{x)) of multiplicity s. 

On the other hand, by CoroUarygill we know that ^{B) can be stratified by ^(/?^ ), ^(End^^, (/?^, //?«)) 
and i^(EndR(/?u //?)), where W is defined in Corollary 14.21 Here, we have used the known fact that every 
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2x2 triangular matrix ring yields a recollement of derived module categories of the rings in the diagonal. In 
the following, we shall calculate composition factors of &{B). 

First, it follows from Corollary |4.2f 3) and Lemma 14.61 that R^ is Morita equivalent to a Dedekind in- 
tegral domain and that End^j^ {R^ /R^j) is Morita equivalent to Y[jej'^c{c)-i{^)- It is known from HI that 
every Dedekind domain is derived simple. Thus 7?^ contributes one composition factor to Q{B). It is 
easy to see that &{T^{^(..-^_\{k)) has a stratification with c{Cj) — 1 copies of the composition factor k. Thus 
^(End^jj (7?^ /Ru)) admits a stratification with Y^jeJ i'^i^j) ~ l) copies of the composition factor k. 

Second, combining Corollary 14.21 2) with Corollary 13. 3[ we see that EndR^R^/R) is Morita equivalent to 
Ili=\ ^{(^{Ci)), where Zl is assumed to be a union of s cliques Ci with I <i < s, and where r(m) is defined 
in Corollary [33] for each positive integer m. Note that the canonical inclusion / of r(m) into M,„(^[[x]]) is a 
ring epimorphism and that M,„(/:[[x]]) is projective as a left r(m)-module. Thus the sequence 

-^ r{m) -^ M^{k[[x]]) -^ coker(/) -^ 

is an add (r(m)£'m,m) -split sequence in the category of all left r(m)-modules, and therefore Endr(„,) (r(m) © 
M„,(^[[x]])) and Endr(,„)(M„j(^[[x]]) ©coker(/)) are derived-equivalent by ||20l Theorem 1.1]. Clearly, the 
former ring is Morita equivalent to r(m) and the latter is Morita equivalent to Endr(,„)(M,„(^[[x]])£',„^,„ © 
coker(/)). Hence r(m) is derived-equivalent to Endpj,,,) (M,„(^[[x]]) ©coker(/)) which is just the following 
matrix ring: 

/k[[x]] ••• 0\ 



: ■-. ■-. 

\ k ■■■ k kj 

For a general consideration of derived equivalences between subrings of matrix rings, we refer to ||9l. Thus, 
we see that iF(r(m)) has a stratification with the composition factor k[[x\] of multiplicity one, and the compo- 
sition factor k of multiplicity m—\. Therefore, ^(EndR(7?u /R)) admits a stratification with the composition 
factors: s copies of ^[[x]] and Yfi=\ (^(O) — l) copies of ^. 

Finally, by summarizing up the above discussions, we conclude that S!{B) has a stratification of length 
r + s—\ with the following composition factors: r — 2 copies of k, s copies of ^[[x]] and one copy of a fixed 
Dedekind domain. Here, we use the well known fact: Y,c {(^{c) — l) = r — 2, where C runs over all of the 
cliques of R. Thus the proof is completed. D 

Let us end this section by mentioning the following questions suggested by our results. 

(1) For tilting modules of the form R^ ®Ru /R, we have provided a recollement of the derived categories 
of their endomorphism rings. It would be interesting to have a similar result for tilting modules of other types 
described in ||3|. 

(2) In Corollary 11.21 it would be nice to know that ^{B) has no other composition factors (up to derived 
equivalence) except the ones displayed there. 

(3) It would be interesting to generahze the results in this paper to hereditary orders. 

(4) Suppose the derived category ^(A) of a ring A admits a stratification of finite length by derived 
categories of rings. Does iF(A) then have only finitely many derived composition factors? (up to derived 
equivalence). 
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